We'll prove two area comparison theorems for non-orientable isotropic surfaces with the same boundary as holomorphic curves. First consider CP 1 ⊂ CP n and let D be a region in CP 1 with piecewise smooth boundary. Let I(D) be the infimum of areas of all isotropic surfaces with the same boundary as D representing the same relative homology class mod 2 as D. Then I(D) ≥ 2 · Area(D) with equality for D = CP 1 . Secondly consider C 1 ⊂ C 2 and let D be a bounded region in C 1 with piecewise smooth boundary. Let L(D) be the infimum of areas of all Lagrangian surfaces with the same boundary as D. Then (1 + √ 3) · Area(D) ≤ L(D) ≤ 3π 2 √ 2 · Area(D).
Introduction
In a recent paper [Qiu2] , W. Qiu has shown that given a closed curve γ ⊂ C n it bounds an isotropic surface S with Area(S) ≤ C · length(γ) 2 for a constant C. This surface is necessarily non-orientable if the integral of the primitive xdy of the symplectic form dx ∧ dy over γ is non-zero. It would be interesting to understand what is the infimum of areas of all isotropic surfaces with a given boundary γ. One can ask an analogous question for a null-homologous curve γ in a Kähler manifold -in this case one should restrict attention to isotropic surfaces in some relative homology class. We'll address this question for γ lying on a complex line, both in C 2 and in CP n . In section 2 we'll use integral geometry to prove the following result: Theorem 1. Consider CP 1 ⊂ CP n and let D be a region in CP 1 with piecewise smooth boundary. Let I(D) be the infimum of areas of all isotropic surfaces with the same boundary as D representing the same relative homology class mod 2 as D. Then I(D) ≥ 2 · Area(D) with equality for D = CP 1 .
The method of proof is very similar to the one used in [Gold1] there volume minimizing properties RP k among isotropic submanifolds of CP n were exhibited. Note also that our estimate for I(D) is only sharp for D = CP 1 . It would be interesting for instance to find I(D) for D being a hemisphere in CP 1 . In section 3 we'll study areas of non-orientable Lagrangian surfaces in C 2 whose boundary lies on a complex line. Our main result is the following theorem:
Theorem 2. Consider C 1 ⊂ C 2 and let D be a bounded region in C 1 with piecewise smooth boundary. Let L(D) be the infimum of areas of all Lagrangian surfaces with the same boundary as D.
. We doubt the lower bound in the theorem above is sharp. The interesting thing is that it is always more then twice the area of D, which is optimal in the projective space. The upper bound in this theorem comes from an explicit model of an embedded Hamiltonian stationary Lagrangian Mobius band whose boundary is a circle 1 on a complex line. We suspect from computations of areas of various Lagrangian surfaces that this upper bound is the actual L(D), but our method in section 3 doesn't allow to approach this bound. Acknowledgement: The author would like to thank R. Schoen for helpful discussions.
Area comparison in CP n
We'll start by establishing a formula from integral geometry for areas of surfaces in CP n following the exposition in R. Howard [How] . In our case the group SU (n + 1) acts on CP n with a stabilizer K ≃ U (n). Thus we view CP n = SU (n + 1)/K and the Fubini-Study metric is induced from the bi-invariant metric on SU (n + 1). Let P be a surface in CP n and let Q be a linear CP n−1 ⊂ CP n . For a point p ∈ P and q ∈ Q we define an angle σ(p, q) between the tangent planes T p P and T q Q as follows: First we choose some elements g and h in SU (n + 1) which move p and q respectively to the same point r ∈ CP n . Now the tangent planes g * T p P and h * T q Q are in the same tangent space T r CP n and we can define an angle between them as follows: take an orthonormal basis u 1 , u 2 for g * T p P and an orthonormal basis v 1 . . . v 2n−2 for h * T q Q and define
The later quantity σ(g * T p P, h * T q Q) depends on the choices g and h we made. To mend this will need to average this out by the stabilizer group K of the point r. Thus we define:
Now we'll treat two cases: P is isotropic or complex. Isotropic case: Since SU (n + 1) acts transitively on the Grassmanian of isotropic planes in CP n we conclude that this angle is a constant depending just on n:
There is a following general formula due to R. Howard [How] :
(1)
Complex case: Since SU (n + 1) acts transitively on the Grassmanian of complex planes in CP n we conclude that this angle is a constant depending just on n:
(2)
We'll use equations (1,2) for P being the totally geodesic RP 2 and CP 1 correspondingly. In both cases for generic g ∈ SU (n + 1), #(P gQ) = 1. Also Area(RP 2 ) = 2π, Area(CP 1 ) = π. Hence we conclude that C C,n = 2C I,n
Now we can prove the theorem stated in the introduction.
Theorem 1. Consider CP 1 ⊂ CP n and let D be a region in CP 1 with piecewise smooth boundary. Let I(D) be the infimum of areas of all isotropic surfaces with the same boundary as D representing the same relative homology class mod 2 as D.
Then I(D) ≥ 2 · Area(D) with equality for D = CP 1 .
Proof: Let S be an isotropic surface in the same relative homology class mod 2 as D. We'll use formulas (1,2) for S and D correspondingly. We note that for generic g ∈ SU (n + 1), #(D gQ) is either 0 or 1. If #(D gQ) = 1 then the intersection number mod 2 of gQ with the relative homology class of D is 1. Hence #(S gQ) ≥ 1. Since C C,n = 2C I,n we conclude that Area(S) ≥ 2 · Area(D). Also if D = CP 1 then we can take S = RP 2 which is in the same homology class mod 2 as D and Area(S) = 2 · Area(D). Q.E.D.
Area comparison in C 2
The goal of this section is to give estimates for areas of Lagrangian surfaces in C 2 whose boundary lies on a complex line C 1 ⊂ C 2 . We begin with the following elementary proposition whose proof we include for reader's convenience.
Proposition 1. A two-form β on a vector space V is decomposable iff β 2 = 0 Proof: One direction is clear. Now suppose β 2 = 0. Assume β = 0. Then there is a vector X ∈ V s.t. the contraction i X β = 0. Now
This leads to the following Proposition 2. Consider C 1 ⊂ C 2 and let D be a bounded region in C 1 with piecewise smooth boundary. Let S be a Lagrangian surface in C 2 with the same boundary as D. Let η be a constant, anti-selfdual form on C 2 of length √ 2. When S |η| ≥ Area(D) · (1 + |η| C 1 ) Proof: First, by possibly multiplying η by −1, we have that η| C 1 ≥ 0. Let ω be the Kähler form on C 2 . When (ω + η) 2 = 0, hence ω + η is decomposable. Also it is of type (1, 1), hence its kernel is some complex line P ⊂ C 2 and P = C 1 . Let Q be a complex line perpendicular to P and let π be the orthogonal projection onto Q. We note that S and D have the same boundary, hence π(D) ⊂ π(S). We have
Q.E.D. Now we can establish the first part of Theorem 2: Lemma 1. Consider C 1 ⊂ C 2 and let D be a bounded region in C 1 with piecewise smooth boundary. Let S be a Lagrangian surface in C 2 with the same boundary as D. Then Area(S) ≥ Area(D) · (1 + √ 3).
Proof: First we note that any anti-selfdual form η of length √ 2 is a calibration, namely η| S is less or equal to the area form on S. Let now η 1 , η 2 , η 3 be an orthogonal basis of anti-selfdual 2-forms on C 2 of length √ 2. Let a i = S |η i | and let b i = ai √ Σa 2 i so that Σb 2 i = 1. We have that on S: Σb i |η i | = Σ ± b i η i which is less or equal to the Area form of S. Thus
We have a lower bound on a i coming from Proposition 2. So we need to maximize the quantity Σa 2 i among all orthogonal bases η 1 , η 2 , η 3 as above. Now let z 1 , z 2 be coordinates on C 2 , so that C 1 = (z 2 = 0). Let z i = x i + iy i . Let β 1 = dx 1 ∧ dy 1 − dx 2 ∧ dy 2 and let β 2 and β 3 be the real and imaginary parts of dz 1 ∧ dz 2 . Then β i are orthogonal of length √ 2. Also β 1 | C 1 = 1 and β i | C 1 = 0 for i = 2, 3. We pick an orthogonal basis η i = Σλ i,j β j of length √ 2 such that λ i,1 = 1 √ 3 . We use equation (3) for this basis together with Proposition 2 to prove our lemma. Q.E.D. To get an uper bound in Theorem 2 we first give an explicit example (due to D. Allcock [All] and W. Qiu [Qiu2] ) of a Lagrangian Mobius band whose boundary is a circle on a complex line. First we recall the following proposition from [All] Proposition 3. Let α(t), β(t) be two curves on a complex plane s.t. ω(α, α ′ ) = ω(β, β ′ ). Here ω is the Kähler form on C. Consider a surface F (t, s) = (cos sα(t), sin sβ(t)) in C 2 . Then it is Lagrangian. Now we can think of the Mobius band as a rectangle [0, 2π] × [0, π/2] on the t, s-plane with the identifications (0, s) ≃ (2π, s) and (t, π/2) ≃ (t + π, π/2). So if we choose periodic α(t), β(t) : [0, 2π] → C with β(t) = β(t + π) as in Proposition 3 when the map F (t, s) as in Proposition 3 will give a Lagrangian Mobius band. So we choose α(t) = e it and β(t) = 1 √ 2 e 2it . We compute the partial derivatives
We note that F s and F t are orthogonal and (4)
One easily computes that
Also F is Hamiltonian stanionary. To see this we need to compute the mean curvature 1-form H of F . We have a holomorphic (2, 0)-form dz 1 ∧ dz 2 on C 2 . When we restrict it to the Lagrangian surface F we have that dz 1 ∧ dz 2 | F = e iθ vol(F )
Here vol(F ) is the area form of F , defined up to a sign, and the mean curvature 1form is H = dθ (see [Oh] ). Using the tangent vectors F t and F s we see that H = 3dt and its Hodge star is * H = 3 √ 2 ds and it is also closed, hence F is a Hamiltonian stationary surface. Now we can prove Theorem 2 from the introduction Theorem 2. Consider C 1 ⊂ C 2 and let D be a bounded region in C 1 with piecewise smooth boundary. Let L(D) be the infimum of areas of all Lagrangian surfaces with the same boundary as D. Then (1 + √ 3) · Area(D) ≤ L(D) ≤ 3π
